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1 Introduction
It is well known that, in Riemannian spaces, the Levi-Civita connection is the
unique connection with vanishing torsion tensor and compatible with the Rieman-
nian metric. The other connections are not symmetric or compatible with the metric.
The connection which is not symmetric was first introduced by A. Friedmann and
J. A. Schouten [8] in a differential manifold in 1924. Later, K. Yano [17] in 1970
considered the non-symmetric connection which preserves the inner product of any
two vector fields when they transport along a curve, it was called a semi-symmetric
metric connection. He pointed out that a Riemannian manifold is conformally flat
if and only if it admits a semi-symmetric metric connection whose curvature ten-
sor vanishes identically. He also proved that a Riemannian manifold is of constant
curvature if and only if it admits a semi-symmetric metric connection for which the
manifold is a group manifold, where a group manifold is a differential manifold
admitting a linear connection ∇˜ such that its curvature tensor R˜ vanishes and the
covariant derivative of torsion tensor T˜ with respect to ∇˜ is vanished. Liang [15]
discussed some properties of semi-symmetric metric connections and proved that
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the projective curvature tensor with respect to semi-symmetric metric connections
coincides with the projective curvature tensor with respect to the Levi-civita connec-
tion if and only if the characteristic vector is proportional to a Riemannian metric.
The problem of finding the invariants under some connection transformations is
an important and active research topic. For instance, the authors in [10, 18, 20]
discussed the corresponding invariants under some connection transformations. In
particular, A. R. Gover and P. Nurowski [11] obtained the polynomial conformal
invariants, and derived that some of the invariants have the practical significance
in physics, such as quantum field theory [3], general relativity [2]. For the study
of semi-symmetric metric connections, the authors had other interesting results
[9, 12, 19, 21, 22]. Recently, the authors in paper [18] studied the theory of transfor-
mations on Carnot-Caratheodory spaces, and obtained the conformal invariants and
projective invariants onCarnot-Caratheodory spaces, which is an attempt to develop
the transformation theory in sub-Riemannian manifolds. As far as the connections
being not compatible with the metric were concerned, wemust point out that, it was
N. S. Agache and M. R. Chafle [1] in 1990 who first introduced and discussed the
so-called semi-symmetric non-metric connection on a Riemannian manifold. This
semi-symmetric non-metric connection was further developed by U. C. De and S. C.
Biswas [5], U. C. De and D. Kamily [6], M. M. Tripathi and N. Kakkar[16], U. C. De
and J. Sengupta[7], and so on. The semi-symmetric non-metric sub-Riemannian con-
nection on sub-Riemannian manifolds will be discussed in the forthcoming paper
[14].
Taking into account that the sub-Riemannian manifolds are a natural generaliza-
tion of Riemannianmanifolds, a natural topic is to consider the invariance problems
under some connection transformations from symmetric metric nonholonomic con-
nections to semi-symmetric metric nonholonomic connections. Once we found the
invariants under connection transformations, we could study the geometric and
physical characteristics of an object connection through an original connection. In
order to study the geometric properties of sub-Riemannian manifolds, the second
author first discussed the transformations in Carnot-Caratheodory spaces, and got
the sub-conformal invariants and sub-projective invariants, which can be regarded
as a natural generalization of those conclusions in Rimennian manifolds. We in this
paper wish to use the unique horizontal sub-Riemannian connection to solve the
posed problems above. To the authors, knowledge, the study of the semi-symmetric
metric connection in sub-Riemannian manifolds is still a gap. The authors have
made some attempts in this field and obtained some interesting results(see [13]).
According to the above discussions in [13], there are some differences between the
Schouten curvature tensor Ki jkh of sub-Riemannian connections and the Riemannian
case, by contracting the index j, h we can not obtain a symmetric tensor, neither is
zero by contracting the index k, h. We only obtain
Ki jkh = −Ki jhk −M
α
i jΛ
l
αk1lh −M
α
i jΛ
l
αh1lk +M
α
i jeα1(ek, eh),
where {eα : α = ℓ+1, · · · , n} is a basis of vertical distribution VM. Since the curvature
tensorK does not satisfy such a symmetry as the Riemannian case, sowe can not give
out the second Bianchi identity. And the sub-conformal curvature tensor is no longer
an invariant under the connection transformation from sub-Riemannian connections
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to semi-sub-Riemannian connections. Very recently, A. Bejancu [4] defined the
horizontal sub-Riemannian connection on nearly sub-Riemannian manifolds and
proved that there exists a unique torsion-free and metric linear connection ∇ on
the nearly sub-Riemannian manifold. The curvature tensor fields for ∇ has good
symmetries as Levi-civita conncetion in the Riemannian case. That is to say, there
holds 
Ki jkh = −Ki jhk = −K jikh,
Ki jkh = Kkhi j,
and its first and second Bianchi identities are all true. Sowe can define the horizontal
Ricci tensor field andhorizontal scalar curvature, which enable us to prove the Schur-
type theoremonanearly sub-Riemannianmanifold and to introduce the nearly space
form in sub-Riemannian manifolds.
In this paper, we continue our study on semi-symmetric metric connections on
sub-Riemannnian manifolds. We will consider the connection transformation from
a horizontal sub-Riemannian connection to a SNS-Riemannian connection on nearly
sub-Riemannian manifolds. The previous discussions in [13] are also true for the
horizontal sub-Riemannian connection ∇. The horizontal sub-Riemannian connec-
tion in nearly sub-Riemannian manifold plays an important role as the Levi-Civita
connection in the Riemannian case. We first define a SNS-Riemannian connection in
a class of sub-Riemannian manifolds(i.e. nearly sub-Riemannian manifolds in this
paper), and derive the relations of horizontal curvature tensors between the horizon-
tal sub-Riemannian connection and the SNS-Riemannian connection, and get some
invariants under the connection transformations that keep the normal geodesics
unchanged. We further define the Weyl sub-conformal curvature tensor and the
Weyl sub-projective curvature tensor of SNS-Riemannian connections and deduce
a sufficient and necessary condition that a nearly sub-Riemannian manifold is flat
with respect to SNS-Riemannian connection. At last we consider the projective SNS-
Riemannian connections and the projective SNS-Riemannian connections satisfying
some symmetric conditions(i.e. the special projective SNS-Riemannian connection),
deduce that a nearly sub-Riemannianmanifold is projectively flat if and only if there
exists a special projective SNS-Riemannian transformation with vanishing horizon-
tal curvature tensor. Some geometric characteristics of projective transformation are
obtained.
The organization of this paper is as follows. In Section 2, we will recall and give
the necessary information about horizontal sub-Riemannian connection and the
nearly sub-Riemannian manifold. Section 3 is devoted to some new definitions and
main Theorems about SNS-Riemannian connections. Section 4 is concentrated on
the geometry of projective SNS-Riemannian connections. Some interesting examples
are given in Section 5.
2 Preliminaries
Let Mn be an n-dimensional smooth manifold. For each point p ∈ Mn, there
assigns a ℓ(2 < ℓ < n)-dimensional subspace HMp of the tangent space TMp, then
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HM =
⋃
p∈MHMp forms a tangent sub-bundle of tangent bundles TM =
⋃
p∈M TMp.
Then a sub-Riemannian manifold is given by a triangle (M,HM, 1), where 1 is called
a sub-Riemannian metric. For any point p, if there exist a neighborhood U and ℓ
linearly independent vector fields X1, · · · , Xℓ in U such that, for each point q ∈ U,
X1(q), · · · , Xℓ(q) is a basis of subspace HMp, then we call HM the ℓ-dimensional
smooth distribution (called also a horizontal bundle), and X1, · · · ,Xℓ are called a
local basis of Vℓ in U.
Throughout the paper, we denote by F(M) the set of smooth functions on M,
Γ(HM) the C∞(M) -module of smooth sections on HM, and X,Y,Z, · · · the vector
fields in Γ(TM), Xh the projection of X on HM, Xv the projection of X on VM. The
repeated indices with one upper index and one lower index indicate a summation
over their range.
We define a 3-multilinear mapping by
Ω : Γ(HM) × Γ(HM) × Γ(VM) → F(M),
Ω(Xh,Yh,Zv) = Zv1(Xh,Yh) − 1([Zv,Xh]h,Yh) − 1([Zv,Yh]h,Xh),
It is easy to checkΩ is a tensor field by a direct computation.
Definition 2.1. We say that a sub-Riemannian manifold (M,HM, 1) is a nearly sub-
Riemannian manifold if the tensor fieldΩ vanishes identically on M.
Just like Levi-Civita connection is the unique metric and torsion-free connection
onRiemannianmanifolds, there also exists aunique linear connectionwithvanishing
torsion which is compatible with sub-Riemannianmetric on nearly sub-Riemannian
manifolds.
Theorem 2.1. [4] Given a nearly sub-Riemannian manifold (M,HM, 1), then there exists a
unique linear connection satisfying
(∇Z1)(Xh,Yh) = Z(1(Xh,Yh)) − 1(∇ZXh,Yh) − 1(Xh,∇ZYh) = 0, (2.1)
T(X,Yh) = ∇XYh − ∇YhXh − [X,Yh]h = 0, (2.2)
Proof. For convenience, we give a briefly proof of Theorem 2.1 here. For any vector
fields X,Y,Z ∈ TM, we define a linear connection ∇ : Γ(TM) × Γ(HM) → Γ(HM) on
the nearly sub-Riemannian manifold (M,HM, 1) by
21(∇XhYh,Zh) = Xh1(Yh,Zh) + Yh1(Zh,Xh) − Zh1(Xh,Yh)
+ 1([Xh,Yh]h,Zh) − 1([Yh,Zh]h,Xh) + 1([Zh,Xh]h,Yh),
∇ZvXh = [Zv,Xh]h.
Then the connection defined by Equation above is the unique linear connection
satisfying (2.1) and (2.2). 
Its torsion is defined by
T : Γ(TM) × Γ(HM) → Γ(HM),
T(X,Yh) = ∇XYh − ∇YhXh − [X,Yh]h.
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By the proof of Theorem 2.1, we know
T(Xv,Yh) = ∇XvYh − [Xv,Yh]h = 0,
so (2.2) is equivalent to
T(Xh,Yh) = ∇XhYh − ∇YhXh − [Xh,Yh]h = 0. (2.3)
Remark 2.1. Similar to Riemannian manifolds, we also say that the linear connection with
property (2.1) and (2.2)(or (2.3)) is metric and torsion-free (or symmetric), respectively. A
linear connection ∇ satisfying (2.1) and (2.2)(or (2.3)) is called a horizontal sub-Riemannian
connection.
Next we consider the curvature tensor R of ∇:
R : Γ(TM) × Γ(TM) × Γ(HM) → Γ(HM),
R(X,Y,Zh) = ∇X∇YZh − ∇X∇YZh − ∇[X,Y]Zh.
Hereafter we call R the horizontal curvature tensor because of R(X,Y,Zh) ∈ Γ(HM).
In order to study the geometry of (M,HM, 1), we suppose that there exists a
Riemannian metric 〈·, ·〉 and VM is taken as the orthogonal complementary distri-
bution to HM in TM, then, there holds HM ⊕ VM = TM, we call VM the vertical
distribution. If not stated otherwise, hereafter we suppose that VM is an integrable
distribution on M, and use the following ranges for indices: i, j, k, h, · · · ∈ {1, · · · , ℓ},
α, β, · · · ∈ {ℓ + 1, · · · , n}.
Now we consider the local coordinate (xi, xα), such that (∂/∂xℓ, · · · , ∂/∂xn) is a
local basis for Γ(VM) and HM is locally given by the Pfaff system
δxα = dxα + Aαi dx
i,
where Aα
i
are smooth functions locally defined onM. Thus
ei =
∂
∂xi
− Aαi
∂
∂xα
,
form a local basis of Γ(HM). We call (xi, xα) and (ei, ∂/∂xα) an adapted coordinate
system and an adapted frame field on M, respectively, induced by the foliation
determined by VM. Then by a direct calculation, we arrive at
[ei, e j] = e j(A
α
i )
∂
∂xα
− ei(A
β
j
)
∂
∂xβ
∈ VM,
we further obtain
Ω(ei, e j,
∂
∂xα
) =
∂1i j
∂xα
,
where 1i j = 1(ei, e j) is the local component of Riemannian metric 1 on HM, so the
sub-Riemannian manifold (M,HM, 1) is a nearly sub-Riemannian manifold if and
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only if
∂1i j
∂xα
= 0, namely, 1i j is independent of x
α. We denote by
∇eie j = ∇ie j = {
k
i j}ek,
∇ ∂
∂xα
e j = ∇αe j = {
k
α j}ek,
R(ei, e j, ek) = R
h
ijkeh,
R(
∂
∂xα
, e j, ek) = R
h
α jkeh,
R(
∂
∂xα
,
∂
∂xβ
, ek) = R
h
αβkeh,
According to Theorem 2.1, we obtain

{k
i j
} = 1
2
1kh(
∂1ih
∂x j
+
∂1 jh
∂xi
−
∂1i j
∂xh
),
{kα j} = 0,
(2.4)
where (1i j) is the inverse of ℓ × ℓmatrix (1i j). Then by using (2.4) and direct compu-
tation, we arrive at the horizontal curvature tensor

Rh
ijk
= ei({
h
jk
}) − e j({
h
ik
}) + {e
jk
}{h
ie
} − {e
ik
}{h
je
},
Rh
α jk
= 0,
Rh
αβk
= 0.
(2.5)
Denote by Ri jkh = R
l
i jk
1lh,Rik = Ri jkh1
jh, we further have

Ri jkh = −Ri jhk = −R jikh,
Ri jkh = Rkhi j,
Ri jkh + R jkih + Rki jh = 0,
Rik = Rki.
(2.6)
Remark 2.2. We can not obtain a symmetric tensor by contracting the index j, h in the
Schouten curvature tensor of any nonholonomic connection
Khijk = ei({
h
jk}) − e j({
h
ik}) + {
e
jk}{
h
ie} − {
e
ik}{
h
je} −Ω
e
i j{
h
ke} −M
α
i jΛ
h
αk,
nor is zero by contracting the index k, h, we only obtain (see [13, 18]):
Ki jkh = −Ki jhk −M
α
i jΛ
l
αk1lh −M
α
i jΛ
l
αh1lk +M
α
i jeα1(ek, eh),
where {ei : i = 1, · · · , ℓ} and {eα : α = ℓ + 1, · · · , n} are any local basis vector fields of HM,
VM respectively, and
[ei, e j]v =M
α
i jeα,
[eα, ek]h = Λ
h
αkeh.
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For the horizontal sub-Riemannian connection ∇, its Schouten curvature tensor satisfies
Ki jkh = −Ki jhk −M
α
i jΛ
l
αk1lh −M
α
i jΛ
l
αh1lk +M
α
i jeα1(∇eαek, eh) +M
α
i jeα1(ek,∇eαeh)
= −Ki jhk −M
α
i jΛ
l
αk1lh −M
α
i jΛ
l
αh1lk +M
α
i jΛ
l
αk1lh −M
α
i jΛ
l
αh1lk
= −Ki jhk.
On the other hand, (2.5) shows that the curvature tensor R of ∇ is not vanishing only
for horizontal vector fields in HM, which coincides with the Shouten curvature tensor of the
nonholonomic connection ∇˜
21(∇˜XhYh,Zh) = Xh1(Yh,Zh) + Yh1(Zh,Xh) − Zh1(Xh,Yh) + 1([Xh,Yh]h,Zh)
− 1([Yh,Zh]h,Xh) + 1([Zh,Xh]h,Yh).
This is one reason why we call ∇ the horizontal sub-Riemannian connection.
3 The geometry of a SNS-Riemannian connection
The horizontal sub-Riemannian connection in nearly sub-Riemannian manifold
plays an important role as the Levi-Civita connection in Riemannian case, and there
exists a unique horizontal sub-Riemannian connection on nearly sub-Riemannian
manifold. The other connections are generally not compatible with sub-Riemannian
metric anymore, nor is torsion free. A special kindof themetric non-symmetric linear
connection is a semi-nearly-sub-Riemannian connection on nearly sub-Riemannian
manifolds. As for the linear connections which are not compatible with sub-
Riemannianmetric will be discussed in our forthcoming papers. Roughly speaking,
a semi-nearly-sub-Riemannian connection is a linear connection with non-vanishing
torsion tensor which is compatible with sub-Riemannian metric. More precisely,
Definition3.1. A linear connectionD : Γ(TM)×Γ(HM)→ Γ(HM)withDXvYh = [Xv,Yh]h
is called a semi-nearly-sub-Riemannian connection (in briefly SNS-Riemannian connection),
if it is metric and its torsion tensor satisfies
T(X,Yh) = DXYh −DYhXh − [X,Yh]h = π(Yh)Xh − π(Xh)Yh, (3.1)
where π is a smooth 1-form on HM.
For any vector field X ∈ TM, X = Xh + Xv, by Definition 3.1, we know
T(Xv,Yh) = DXvYh − [Xv,Yh]h = 0,
we further have
T(X,Yh) = T(Xh,Yh) + T(Xv,Yh) = T(Xh,Yh),
then (3.1) is equivalent to
T(Xh,Yh) = DXYh −DYhXh − [Xh,Yh]h = π(Yh)Xh − π(Xh)Yh.
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For a SNS-Riemannian connection D, one can take a recurrent X,Y,Z ∈ Γ(TM) in
(2.1), and gets in terms of DXvYh = ∇XvYh that there holds
DXhYh = ∇XhYh + π(Yh)Xh − 1(Xh,Yh)P, (3.2)
where P is a horizontal vector field defined by 1(P,Xh) = π(Xh).
Remark 3.1. (3.2) is also called a SNS-Riemannian transformation of ∇. It is easy to check
the SNS-Riemannian transformations of metric connections are still metric connections.
This transformation will change a horizontal curve into a horizontal curve, however there
is no any self-paralleling nature for the horizontal curves (i.e. normal geodesics). We will
discuss the special connection transformations that keep the normal geodesics unchanged in
the next section.
In an adapted frame field {ei}, we denote by π(ei) = πi, πi = 1i jπ j, then (3.2) can
be rewritten
Γki j = {
k
i j} + δ
k
iπ j − 1i jπ
k,
By a straightway computation, we can get the relations between the horizontal
curvature tensors of D and ∇ as follows
Rhijk = K
h
ijk + δ
h
jπik − δ
h
iπ jk + π
h
j1ik − π
h
i 1 jk, (3.3)
where Kh
ijk
is the horizontal curvature tensor of the horizontal sub-Riemannian con-
nection ∇, and
πik = ∇iπk − πiπk +
1
2
1ikπhπ
h,
π
j
i
= πik1
jk = ∇iπ
j − πiπ
j +
1
2
δ
j
i
πhπ
h,
∇iπ j = ei(π j) − {
e
i j}πe,
Here we call πi j the characteristic tensor of D, and denote by α = πi j1i j = πii. Con-
tracting j and h in (3.3), we have
Rik = Kik + (ℓ − 2)πik + α1ik, (3.4)
Multiplying (3.4) by 1ik we get
R = K + 2(ℓ − 1)α,
so there is
α =
R − K
2(ℓ − 1)
, (3.5)
Substituting (3.5) into (3.4) we have
πik =
1
ℓ − 2
(Rik − Kik −
R − K
2(ℓ − 1)
1ik), (3.6)
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πhi =
1
ℓ − 2
{(Rhi − K
h
i ) −
R − K
2(ℓ − 1)
δhi }, (3.7)
then substituting (3.6), (3.7) into (3.3), we get
Rhijk −
1
ℓ − 2
{δhj (Rik −
R
2(ℓ − 1)
1ik) − δ
h
i (R jk −
R
2(ℓ − 1)
1 jk)
+ 1ik(R
h
j −
R
2(ℓ − 1)
δhj ) − 1 jk(R
h
i −
R
2(ℓ − 1)
δhi )}
= Khijk −
1
ℓ − 2
{δhj (Kik −
K
2(ℓ − 1)
1ik) − δ
h
i (K jk −
K
2(ℓ − 1)
1 jk)
+ 1ik(K
h
j −
K
2(ℓ − 1)
δhj ) − 1 jk(K
h
i −
K
2(ℓ − 1)
δhi )}. (3.8)
In sub-Riemannian geometry, because of the existence of singular geodesics
which does not satisfy the geodesic equation, we can define the projective trans-
formation of a horizontal sub-Riemannian connection ∇ in the following way: A
connection transformation D of a horizontal sub-Riemannian connection ∇ is a
projective transformation if the linear connection D and ∇ have the same normal
geodesics, and it is called a projective sub-Riemannian transformation. Therefore
the projective sub-Riemannian transformation of ∇ keeps the normal geodesics un-
changed. The sub-conformal curvature tensor and sub-projective curvature tensor
(see [18]) of ∇ are given, respectively, by
Cˆhijk = K
h
ijk −
1
ℓ − 2
{δhjKik − δ
h
iK jk + 1ikK
h
j − 1 jkK
h
i }
+
K
(ℓ − 1)(ℓ − 2)
(1ikδ
h
j − 1 jkδ
h
i ),
Wˆhijk = K
h
ijk −
1
ℓ − 1
(δhjKik − δ
h
iK jk).
For the SNS-Riemannian connection D, we similarly define the sub-conformal
curvature tensor and the sub-projective curvature tensor, respectively, as
Chijk = R
h
ijk −
1
ℓ − 2
{δhjRik − δ
h
iR jk + 1ikR
h
j − 1 jkR
h
i }
+
R
(ℓ − 1)(ℓ − 2)
(1ikδ
h
j − 1 jkδ
h
i ), (3.9)
Whijk = R
h
ijk −
1
ℓ − 1
(δhjRik − δ
h
iR jk), (3.10)
Remark 3.2. By using (3.3) and (3.9) we get
Chijk = Cˆ
h
ijk,
Whijk = Wˆ
h
ijk +
1
ℓ − 1
(δhjπik − δ
h
iπ jk) + (1ikπ
h
j − 1 jkπ
h
i )
−
α
ℓ − 1
(δhj1ik − δ
h
i 1 jk). (3.11)
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hence (3.8) indicates the horizontal sub-Riemannian connection and SNS-Riemannian con-
nection have the same sub-conformal curvature tensor.
Therefore we have the following
Theorem 3.1. If a nearly sub-Riemannian manifold admits a SNS-Riemannian connection,
then the connection transformation from horizontal sub-Riemannian connection to SNS-
Riemannian connection keeps the sub-conformal curvature tensor unchanged.
In the point of geometry, Theorem 3.1 shows that the connection transformation
from a horizontal sub-Riemannian connection to an SNS-Riemannian connection
always change a conformally flat (i.e. sub-conformal curvature tensor vanishing
everywhere) nearly sub-Riemannian manifold into a conformally flat nearly sub-
Riemannian manifold.
Now we assume that Wˆh
ijk
=Wh
ijk
, then there holds
1
ℓ − 1
(δhjπik − δ
h
iπ jk) + (1ikπ
h
j − 1 jkπ
h
i ) −
α
ℓ − 1
(δhj1ik − δ
h
i 1 jk) = 0 (3.12)
By multiplying 1 jk in (3.12), we get
πhi =
α
ℓ
δhi , or, πih =
α
ℓ
1ih.
This implies the following
Theorem 3.2. The SNS-Riemannian transformation keeps the sub-projective curvature
tensor unchanged if and only if the characteristic tensor of D is proportional to a metric
tensor.
Proof. We just prove the sufficiency of Theorem 3.2. Let π
j
i
= λδ
j
i
, then α = πi
i
= λℓ,
and πi j = λ1i j. Substituting these equations above into (3.15), we get Whijk = Wˆ
h
ijk
.
This ends the proof of Theorem 3.2. 
As we know a nearly sub-Riemannian manifold is projectively flat if and only if
the sub-projective curvature tensor vanishes everywhere, hence Theorem 3.2 implies
that a projectively flat nearly sub-Riemannianmanifoldwill be changed into a projec-
tively flat nearly sub-Riemannian manifold by the SNS-Riemannian transformation
under certain condition.
We further assume Rh
ijk
= Kh
ijk
, then
δhjπik − δ
h
iπ jk + π
h
j1ik − π
h
i 1 jk = 0,
Contracting the above equation with i and h, we arrive at
(2 − ℓ)π jk − α1 jk = 0, (3.13)
Multiplying the equation (3.13) by 1 jk, we obtain
2(ℓ − 1)α = 0,
and ℓ > 2, therefore α = 0; the converse is also true, thus we have
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Theorem 3.3. The SNS-Riemannian connection D and the horizontal sub-Riemannian
connection ∇ have the same horizontal curvature tensor if and only if α is vanishing.
A geometric characteristic of Theorem 3.3 is that the connection transforma-
tion from the horizontal sub-Riemannian connection to the SNS-Riemannian con-
nection keeps the horizontal curvature tensor unchanged under certain condition,
which implies that the SNS-Riemannian transformation can change a flat nearly
sub-Riemannian manifold (i.e.Rh
ijk
= 0 at every point of M) into a flat nearly sub-
Riemannian manifold under certain condition.
Now we consider the case of Rh
ijk
= 0, that is, there holds
Khijk = δ
h
iπ jk − δ
h
jπik + π
h
i 1 jk − π
h
j1ik, (3.14)
let j = h, we obtain
Kik = (2 − ℓ)πik − α1ik, (3.15)
Multiplying the equation (3.15) by 1ik, we get
K = Kik1
ik = 2(1 − ℓ)α,
So we have
α =
K
2(1 − ℓ)
, (3.16)
Substituting (3.16) into (3.15), we obtain
πik =
1
2 − ℓ
(Kik −
K
2(ℓ − 1)
1ik), (3.17)
Similarly, substituting (3.17) into (3.14), we have
Khijk =
1
ℓ − 2
(δhjKik − δ
h
iK jk + 1ikK
h
j − 1 jkK
h
i )
−
K
(ℓ − 1)(ℓ − 2)
(1ikδ
h
j − 1 jkδ
h
i ), (3.18)
Equation (3.18) implies Cˆh
ijk
= 0.
Theorem 3.4. The nearly sub-Riemannian manifold (M,HM, 1) is flat with respect to the
SNS-Riemannian connection D (i.e. Rh
ijk
= 0) if and only if M is conformally flat(i.e.
Cˆh
ijk
= 0) and πik =
1
2−ℓ (Kik −
K
2(ℓ−1)1ik).
Proof. The necessity is obvious. Conversely, if πik =
1
2−ℓ (Kik −
K
2(ℓ−1)1ik), then α =
K
2(1−ℓ) ,
so Kik = (2 − ℓ)πik − α1ik, and
Rik = Kik + (ℓ − 2)πik + α1ik = 0, (3.19)
R = 1ikRik = 0, (3.20)
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Substituting (3.19), (3.20) into the equation (3.9),
Chijk = R
h
ijk −
1
ℓ − 2
{δhjRik − δ
h
iR jk + 1ikR
h
j − 1 jkR
h
i }
+
R
(ℓ − 1)(ℓ − 2)
(1ikδ
h
j − 1 jkδ
h
i )
= Rhijk,
we arrive at Rh
ijk
= Ch
ijk
= Cˆh
ijk
= 0.
This completes the proof of Theorem 3.4. 
Next we consider the SNS-Riemannian connections satisfying some symmetric
conditions.
Definition 3.2. ASNS-Riemannian connectionD is called special if its horizontal curvature
tensor satisfies

Ri jkh + Ri jhk = 0,
Ri jkh − Rkhi j = 0,
Ri jkh + R jkih + Rki jh = 0.
(3.21)
The first equation is obvious for D, by (3.3), from the second formula we can
deduce
1 jh(πik − πki) + 1ih(πkj − π jk) + 1ik(π jh − πhj) + 1 jk(πhi − πih) = 0.
Contracting the equation above by 1ih, we get π jk = πkj, then ∇kπ j = ∇kπ j( It can be
also deduced by the third formula in (3.21)). It is not hard to see by a direct checking
up on a few things that the converse is also true, hence we obtain
Proposition 3.5. ASNS-Riemannian connection D is special if and only if its characteristic
vector field satisfies ∇kπ j = ∇ jπk.
Let Ep ⊆ HMp be the horizontal plane at a point p ∈ Mwith dimension 2, then for
any basis {u, v} in Ep, the horizontal sectional curvature is defined by
λ(p) =
R(u, v, u, v)
1(u, u)1(v, v) − (1(u, v))2
, (3.22)
If u = uiei, v = viei, then
λ(p) =
Ri jkhu
iv jukvh
(1ih1 jk − 1 jh1ik)uiv jukvh
.
We say (M,HM, 1) is horizontal isotropic if the horizontal sectional curvature λ(p)
is independent of the horizontal plane Ep for all p ∈ M. M is said to be of constant
horizontal curvature if λ(p) is always constant, namely it is always independent of
the point p and the horizontal plane Ep.
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Another geometric characteristic of Theorem 3.3 shows that the connection trans-
formation from the horizontal sub-Riemannian connection to the SNS-Riemannian
connection can change a constant horizontal curvature sub-Riemannian manifold
into a constant horizontal curvature sub-Riemannian manifold under certain condi-
tion.
Proposition 3.6. A nearly sub-Riemannian manifold associated with the SNS-Riemannian
connection D is horizontal isotropic if and only if its horizontal curvature tensor is given by
Ri jkh = λ(1ih1 jk − 1 jh1ik),
where λ is function on M.
The proof is obvious.
Theorem 3.7. A nearly sub-Riemannian manifold (M,HM, 1) associated with the SNS-
Riemannian connection D is horizontal isotropic if and only if M is projectively flat with
respect to D, i.e. Wh
ijk
= 0.
Proof. IfM is horizontal isotropic with respect toD, by Proposition 3.6, the horizontal
curvature tensor is of the form
Ri jkh = λ(1ih1 jk − 1 jh1ik).
Contracting the above equation with 1 jh, we have
Rik = λ(1 − ℓ)1ik,
thenWh
ijk
= 0.
Conversely, we assumeWh
ijk
= 0, then there holds
Wˆi jkh = −
1
ℓ − 1
(1 jhπik − 1ihπ jk) − (1ikπ jh − 1 jkπih) +
α
ℓ − 1
(1 jh1ik − 1ih1 jk).
Contracting the above equation by 1kh, we arrive at
Wˆi jkh1
kh =
ℓ − 2
ℓ − 1
(πi j − π ji).
On the other hand,
Wˆi jkh1
kh = Ki jkh1
kh −
1
ℓ − 1
(1 jhKik − 1ihK jk)1
kh = 0,
sowegetπi j = π ji, then∇iπ j = ∇ jπi, henceD is a special SNS-Riemannian connection.
Further, the first formula in (3.21) impliesRi jkk = 0, by (3.10) we obtain 1ikR jh = Rik1 jh,
namely, Rik
1ik
=
R jh
1 jh
, let λ = Rik
1ik
, we obtain
Ri jkh =
λ
ℓ − 1
(1 jh1ik − 1ih1 jk).
This completes the proof of Theorem 3.7 . 
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We have another interesting result about the horizontal sub-Riemannian connec-
tion ∇ and SNS-Riemannian connection D.
Theorem 3.8. A nearly sub-Riemannian manifold (M,HM, 1) is projectively flat with
respect to the SNS-Riemannian connection D if and only if M is conformally flat, and
(ℓ − 2)πi j −
K + (ℓ − 2)α
ℓ
1i j + Ki j = 0. (3.23)
Proof. IfM is projectively flat with respect to D, by Theorem 3.7 and Proposition 3.6,
we have
Ri jkh = λ(1ih1 jk − 1 jh1ik),
Contracting by 1 jh, we arrive at
Rik = λ(1 − ℓ)1ik, (3.24)
R = λℓ(1 − ℓ), (3.25)
Therefore,
Cˆi jkh = Ci jkh = Ri jkh −
1
ℓ − 2
{1 jhRik − 1ihR jk + 1ikR jh − 1 jkRih}
+
R
(ℓ − 1)(ℓ − 2)
(1ik1 jh − 1 jk1ih)
= Ri jkh −
2λ(1 − ℓ)
ℓ − 2
(1 jh1ik − 1ih1 jk) +
λℓ(1 − ℓ)
(ℓ − 2)(ℓ − 1)
(1 jh1ik − 1ih1 jk)
= 0,
by substituting (3.24), (3.25) into (3.4), we further arrive at,
(ℓ − 2)πik −
K + (ℓ − 2)α
ℓ
1ik + Kik = 0.
Conversely, if Cˆh
ijk
= 0, then Ch
ijk
= 0. By (3.4) and (3.23) we have
Rik =
R
ℓ
1ik, (3.26)
substituting (3.26) into the equation (3.9), we obtain
Chijk = R
h
ijk −
1
ℓ − 1
(δhjRik − δ
h
iR jk)
= Whijk.
Therefore, Ch
ijk
= 0 deduceWh
ijk
= 0.
This completes the proof of Theorem 3.8. 
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4 The projective geometry of SNS-Riemannain connec-
tions
A linear connection is called the projective SNS-Riemannian transformation if
it is both the projective sub-Riemannian transformation and the SNS-Riemannian
transformation. Recall the second author [18] had proved that a nonholonomic
symmetric connection D¯ is a projective sub-Riemannian connection if and only if
there exists a smooth 1-form ϕ such that, for any horizontal vector fieldsXh,Yh, there
holds
D¯XhYh = ∇XhYh + ϕ(Xh)Yh + ϕ(Yh)Xh, (4.1)
From the definition of SNS-Riemannian transformation, we know that a projective
SNS-Riemannian transformation must be a projective sub-Riemannian transforma-
tion in [18]. Now we give a Proposition about the projective transformation of
horizontal sub-Riemannian connection ∇.
Proposition 4.1. D is a projective sub-Riemannian transformation if and only if there exists
1-form λ such that the symmetry part of tensor A(Xh,Yh) = DXhYh − ∇XhYh is of the form
(A(Xh,Yh) + A(Yh,Xh))/2 = λ(Xh)Yh + λ(Yh)Xh, f orX,Y ∈ TM
Proof. The necessity is obvious. We only prove the sufficiency. If there holds
(A(Xh,Yh) + A(Yh,Xh))/2 = λ(Xh)Yh + λ(Yh)Xh, (4.2)
we denote by (DXhYh + DYhXh)/2 = D˜XhYh, (∇XhYh + ∇YhXh)/2 = ∇˜XhYh, then (4.2) is
equivalent to
D˜XhYh − ∇˜XhYh = λ(Xh)Yh + λ(Yh)Xh,
by (4.1), D˜ and ∇˜ have the same normal geodesics.
On the other hand, if the horizontal curve γ(t) is the normal geodesic of D, then
γ(t) is also the normal geodesic of D˜ by a simply computation, hence D˜ and D have
also the same normal geodesics, so do ∇˜ and ∇. Therefore, D and ∇ have the normal
geodesics, namely, D is the projective transformation of ∇. 
About the projective SNS-Riemannian transformation, we have the the following
Proposition.
Proposition 4.2. D˜ is the projective SNS-Riemannian transformation if and only if there
exist two 1-form p, q such that
D˜XhYh = ∇XhYh + p(Xh)Yh + q(Yh)Xh, (4.3)
for any X,Y ∈ Γ(TM).
Proof. Let A(Xh,Yh) = D˜XhYh − ∇XhYh, since D˜ is the projective SNS-Riemannian
connection, from Proposition 4.1 there exists a smooth 1-form ϕ such that
A(Xh,Yh) +A(Yh,Xh)/2 = ϕ(Xh)Yh + ϕ(Yh)Xh, f orX,Y ∈ TM (4.4)
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and 1-form π such that the torsion of D˜ is of the form
T˜(Xh,Yh) = π(Yh)Xh − π(Xh)Yh,
we can deduce from the above equation
A(Xh,Yh) − A(Yh,Xh) = π(Yh)Xh − π(Xh)Yh, (4.5)
by (4.4) and (4.5), we arrive at
A(Xh,Yh) = (ϕ − π/2)(Xh)Yh + (ϕ + π/2)(Yh)Xh,
by choosing p = ϕ − π/2, q = ϕ + π/2 is ok.
Conversely, we assume D˜XhYh = ∇XhYh + p(Yh)Xh + q(Xh)Yh, then
(A(Xh,Yh) + A(Yh,Xh))/2 =
p + q
2
(Yh)Xh +
p + q
2
(Xh)Yh,
A(Xh,Yh) − A(Yh,Xh) = (p − q)(Yh)Xh − (p − q)(Xh)Yh,
by virtue of Proposition 4.1, we know D˜ is a projective transformation of ∇, and we
have
T˜(Xh,Yh) = D˜XhYh − D˜YhXh − [Xh,Yh]h = (p − q)(Yh)Xh − (p − q)(Xh)Yh.
Let π = p − q, then T˜(Xh,Yh) = π(Yh)Xh − π(Xh)Yh.
This completes the proof of Proposition 4.2. 
In a basis {ei}, (4.3) can be rewritten as
Γ˜ki j = {
k
i j} + piδ
k
j + q jδ
k
i = {
k
i j} + ϕiδ
k
j + ϕ jδ
k
i + ρ jδ
k
i − ρiδ
k
j ,
where ρi = πi/2, pi = ϕi − ρi, qi = ϕi + ρi. The horizontal curvature tensor, horizontal
Ricci tensor and sub-projective curvature tensor are given, respectively,
R˜hijk = K
h
ijk + βi jδ
h
k + αikδ
h
j − α jkδ
h
i , (4.6)
R˜ik = Kik + βik + (ℓ − 1)αik,
W˜hijk = R˜
h
ijk −
1
ℓ − 1
(δhj R˜ik − δ
h
i R˜ jk), (4.7)
where

βi j = (∇ip)(e j) − (∇ jp)(ei) = ϕi j − ϕ ji + ρ ji − ρi j,
αi j = (∇iq)(e j) − q(ei)q(e j) = ϕi j + ρi j − ϕiρ j − ϕ jρi,
ϕi j = ei(ϕ j) − {
e
i j
}ϕe − ϕiϕ j = ∇iϕ j − ϕiϕ j,
ρi j = ei(ρ j) − {ei j}ρe − ρiρ j = ∇iρ j − ρiρ j,
(4.8)
If the horizontal curvature tensor R˜ of D˜ satisfies

R˜i jkh + R˜i jhk = 0,
R˜i jkh − R˜khi j = 0,
R˜i jkh + R˜ jkih + Rki jh = 0,
(4.9)
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then we call D˜ the special projective SNS-Riemannian transformation. By substitut-
ing (4.6) into the third term in (4.9), we obtain ρi j − ρ ji = 0, namely ∇iρ j − ∇ jρi = 0,
by virtue of the second term in (4.9) and R˜ jihk + R˜khji = 0, we arrive at ϕi j − ϕ ji = 0,
α jk1ih − αih1 jk = 0, namely, ∇iϕ j − ∇ jϕi = 0,
α jk
1 jk
=
αih
1ih
. This implies the following
Lemma 4.3. D˜ is a special projective SNS-Riemannian transformation if and only if ∇iϕ j =
∇ jϕi, ∇iρ j = ∇ jρi, α jk = λ1 jk, where λ is a scalar function.
The connection transformation from thehorizontal sub-Riemannian connection∇
to the special projective SNS-Riemannian connection D˜ keeps both normal geodesics
and the sub-projective curvature tensor W˜h
ijk
unchanged by a simple computation.
Theorem 4.4. The sub-projective curvature tensor is an invariant under special projective
SNS-Riemannian transformation of the horizontal sub-Riemannian connection ∇.
The proof of Theorem 4.4 is obtained by Lemma 4.3 and Equation (4.6) and (4.7).
In virtue of the Theorem 4.4 above, we deduce that the special projective SNS-
Riemannian transformation change always aprojectivelyflat nearly sub-Riemannian
manifold into a projectively flat nearly sub-Riemannian manifold.
Definition 4.1. If 1-form p satisfies
dp(Xh,Yh) = Xh(p(Yh)) − Yh(p(Xh)) − p([Xh,Yh]h) = 0,
for any horizontal vector fields Xh,Yh, then we say it is horizontally closed.
Lemma 4.5. If the tensor αi j defined by the second formula in (4.8) is propositional to 1i j,
then the projective SNS-Riemannian connection D is special if and only if 1-form p, q are
both horizontally closed in Equation (4.3).
Proof. The proof of Lemma 4.5 is obtained by Lemma 4.3 and Equation (4.9). 
We say a nearly sub-Riemannian manifold associated with a projective SNS-
Riemannian connection is horizontal isotropic if its horizontal sectional curvature
(3.22) is independent of the horizontal plane. Similar to Proposition 3.6, we have the
following
Proposition 4.6. A nearly sub-Riemannian manifold M associated with a projective SNS-
Riemannian connection D˜ is horizontal isotropic if and only if the horizontal curvature
tensor of D˜ is of the form
R˜i jkh = λ(1ih1 jk − 1 jh1ik).
Proposition 4.6 implies that if a nearly sub-Riemannian manifold is horizontal
isotropic with respect to the projective SNS-Riemannian connection D˜, then D˜ is a
special projective SNS-Riemannian connection by a direct computation.
Let D˜ be the special projective SNS-Riemannian connection, and the horizontal
curvature tensor of D˜ be of the form
R˜i jkh = λ(1ih1 jk − 1 jh1ik),
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then there holds
R˜ik = λ(1 − ℓ)1ik.
Substituting the equation above into (4.7), we arrive at W˜h
ijk
= 0.
Conversely, if W˜h
ijk
= 0, then we get
R˜hijk =
1
ℓ − 1
(δhj R˜ik − δ
h
i R˜ jk),
namely,
R˜i jkh =
1
ℓ − 1
(1 jhR˜ik − 1ihR˜ jk), (4.10)
Let k = h in (4.10), we obtain 1 jkR˜ik − 1ikR˜ jk = 0 because of R˜i jkk = 0 in (4.9), namely,
R˜ik = β1ik, where β is scalar function. Then, (4.10) is equivalent to
R˜i jkh =
β
ℓ − 1
(1 jh1ik − 1ih1 jk).
This proves the following Theorem.
Theorem 4.7. A nearly sub-Riemannian manifold (M,HM, 1) associated with a special pro-
jective SNS-Riemannian connection D˜ is horizontal isotropic if and only if M is projectively
flat with respect to D˜.
Theorem 4.8. Anearly sub-Riemannian manifold (M,HM, 1) is projectively flat if and only
if there exists a special projective SNS-Riemannian transformation D˜ such that its horizontal
curvature tensor R˜ is vanishing.
Proof. If D˜ is the special projective SNS-Riemannian transformation and
R˜hijk = K
h
ijk + βi jδ
h
k + αikδ
h
j − α jkδ
h
i = 0, (4.11)
then by contracting (4.11) with j, h, we have
R˜ik = Kik + βik + (ℓ − 1)αik = 0,
Since D˜ is special, then 1-form p is horizontally closed, hence we get βi j = 0, and
Khijk = α jkδ
h
i − αikδ
h
j , (4.12)
Kik = (1 − ℓ)αik, (4.13)
By substituting (4.12), (4.13) into the following equation
Wˆhijk = K
h
ijk −
1
ℓ − 1
(δhjKik − δ
h
iK jk),
we obtain Wˆh
ijk
= 0, namely,M is projectively flat.
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Conversely, ifM is projectively flat, then Wˆh
ijk
= 0, and
Khijk =
1
ℓ − 1
(δhjKik − δ
h
iK jk),
namely,
Ki jkh =
1
ℓ − 1
(1 jhKik − 1ihK jk),
Since Ki jhh = 0, we get
Kik =
K
ℓ
1ik, (4.14)
If 1-form p is horizontally closed, then the equation R˜i j = Ki j + βi j + (ℓ − 1)αi j = 0
is equivalent to
(∇iq)(e j) − qiq j =
K
ℓ(1 − ℓ)
1i j, (4.15)
where qi j = (∇iq)(e j) − qiq j = αi j.
Now taking covariant derivative of Equation (4.15), we get
(∇i∇ jq)(ek) + (∇ jq)(∇iek) − (∇iq)(e j)q(ek) − q(∇ie j)q(ek) − q(e j)(∇iq)(ek) − q(∇iek)q(e j)
=
K
ℓ(ℓ − 1)
(1(∇ie j, ek) + 1(e j,∇iek))
= (∇∇ie jq)(ek) − q(∇ie j)q(ek) + (∇ jq)(∇iek) − q(∇iek)q(e j).
The last equality follows from Equation (4.15). Namely,
(∇i∇ jq)(ek) − (∇iq)(e j)q(ek) − q(e j)(∇iq)(ek) = (∇∇ie jq)(ek), (4.16)
Since p is horizontally closed, then by (4.15), (4.16) and Wˆh
ijk
= 0, we obtain
(∇i∇ jq − ∇ j∇iq − ∇[ei,e j]q)(ek) = −K
h
ijkqh, (4.17)
Equation (4.17) is exactly the integrable condition of Equation (4.15), therefore there
exists a solution q to Equation (4.15), let
Γ˜ki j = {
k
i j} + piδ
k
j + q jδ
k
i , (4.18)
where p is a horizontally closed 1-form.
ByProposition 4.2, weknow D˜whose connection coefficients are definedby (4.18)
is a projective SNS-Riemannian connection. On the other hand, αi j is proportional
to 1i j by (4.15), so it is symmetric, then dq(ei, e j) = αi j − α ji = 0, which implies that
q is horizontally closed. From Lemma 4.5 we know D˜ is a special projective SNS-
Riemannian connection, we further obtain by (4.6), (4.14) and (4.15)
R˜hijk = K
h
ijk −
1
ℓ − 1
(δhjKik − δ
h
iK jk) = Wˆ
h
ijk = 0.
This completes the proof of Theorem 4.8. 
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5 Examples
Example 5.1. (Carnot group)
A Carnot group of r-step is a connected, simply connected Lie group G whose
Lie algebra ~ admits a stratification
~ = V1 ⊕ · · · ⊕ Vr
which is r-nilpotent, i.e.,

[V1,V j] = V j+1, j = 1, · · · , r − 1,
[V j,Vr] = {0}, j = 1, · · · , r
(5.1)
Let ◦ be a group law on G, then the left translation operator is Lp : q → p ◦ q,
denote by (Lp)∗ the differential of Lp. Now we can define the horizontal subspace as
HGp = (Lp)∗(V1),
for any point p ∈ G, and the horizontal bundle as
HG =
⋃
p∈G
HGp,
Then we further consider the vertical distribution on G defined by
VGp = (Lp)∗(V2 ⊕ · · · ⊕Vr),
VG =
⋃
p∈G
VGp
Now, we fix a basis X1, · · · ,Xk formed by the left invariant vector fields, then, by
(5.1), we deduce that
[Γ(VG),Xk] ∈ Γ(VG). (5.2)
and fix the inner product 〈·, ·〉 inTG such that the system of left-invariant vector fields
{X1, · · · ,Xk,Y1, · · · ,Yn−k} is an orthnormal basis of TG, we obtainΩ = 0 on G by (5.2).
Then, the Carnot group is a nearly sub-Riemannianmanifold. TheHeisenberg group
Hn as an non-Abelian Carnot group is obviously a nearly sub-Riemannianmanifold.
Example 5.2. (Nonholonomic Constrained Particle)
We consider the motion of a free particle with a unit mass in R3 with Lagrangian
L =
1
2
(x˙ + y˙ + z˙),
and the nonholonomic constraint
z˙ = yx˙,
20
We take the horizontal distribution equippedwith the Riemannianmetric 1 induced
by the Euclidean metric 1¯ = 2L of R3 as follow
HR3 = span{X =
∂
∂x
+ y
∂
∂z
,Y =
∂
∂y
},
and the vertical distribution
VR3 = span{Z =
∂
∂z
}.
Then (R3,HR3, 1) is a nearly sub-Riemannian manifold.
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